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COMMENT 

Indecomposable generalisations of the standard angular 
momentum representations of SO(3) 
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The People's Republic of China 
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Abstract. In this comment indecomposable representations of the Lie algebra of the rotation 
group SO(3) are studied on the Heisenberg-Weyl basis, which is the basis for a subspace 
of a quotient space of the space of the universal enveloping algebra of the Heisenberg-Weyl 
algebra. We obtain an infinite-dimensional indecomposable representation which induces 
the finite-dimensional representation on certain quotient spaces and subduces the infinite- 
dimensional indecomposable representations on invariant subspaces. The standard angular 
momentum representations of SO(3)  are given as special cases. 

Gruber and Klimyk [ l ]  have studied the master representation of the Lie algebra of 
SU(2)( SO(3)) on its universal enveloping algebra and the indecomposable representa- 
tions on quotient spaces of invariant subspaces. However, we discuss an indecompos- 
able representation of SO(3) obtained from an indecomposable representation of the 
two-state Heisenberg-Weyl algebra, the representation space of which is related to the 
universal enveloping algebra of the Heisenberg-Weyl algebra. This representation 
induces the finite-dimensional representations of any dimension that are completely 
reducible on the quotient spaces and subduces indecomposable representations that 
describe the transformations between quantum states with integer angular momentum 
and quantum states with half-integer angular momentum on the invariant subspaces. 
The method used to obtain these representations is analogous to that used by Gruber 
and Lenczewski [ 2 ]  in their approach to SO(3) representations which was based on 
the Lorentz algebra rather than, as here, the Heisenberg-Weyl algebra. 

The creation operators b:, the annihilation operators b, and the unit operator e 
are regarded as the generators for the N-state Heisenberg-Weyl algebra. According 
to the PoincarC-Birkhoff -Witt theorem, we choose for the universal enveloping algebra 
R of the Heisenberg-Weyl algebra a basis 

N 

f ( k , ,  S , ,  r )  = e' fl (b:krbfl)  k,, S,, r E N ,  i =  1,2,. . . , N (1) 

where N is the set of the non-negative integers and A?,,,,, = 1. For the left ideal L of 
R generated by the element e - 1, the quotient space R = R/ L is spanned by the basis 

( 2 )  

1 = 1  

f ( k ,  S I )  = f ( k ,  S,, 0) mod L. 

We define this to be the Heisenberg-Weyl basis which is an extension of the Fock 
space of the boson system. 
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Extending the discussions about indecomposable representations of the one-state 
Heisenberg-Weyl algebra given by Gruber et al [3], we obtain an indecomposable 
representation of the N-state Heisenberg- Weyl algebra on the Heisenberg- Weyl basis 

From the above representation (3), a representation r of fi is constructed as 
N 

U f ( k , ,  SI))  = n [P(b:)kY(bOS' l .  
f = 1  

There exists a subalgebra of fi with the elements 

(4) 

J+ = b:b2 J -  = brb, 53=f[b;bl-b:b2] ( 5 )  

[ J + ,  5-3 = 25, [ J , ,  J*1= *J* ( 5 ' )  

that satisfy the closed commutation relations 

and span the Lie algebra of the three-dimensional rotation group SO(3). 

one obtains a representation of SO(3) as 
On the Heisenberg-Weyl basis with the explicit form {f( k ,  , k 2 ,  SI ,  S 2 ) }  for N = 2, 

p(J+)f(kl, k.29 Si, S2) = f ( k , +  1 ,  k2, + S2) 

P(J-)f( k ,  9 k2 I SI 3 S2) =f( k ,  3 k2 + 1 ,  SI + 1 ,  S2) + k , f (  k ,  - 1 ,  k2 + 1 ,  SI, S2) 

P ( J 3 l f ( k l ,  k2, SI 3 S2) = t [ f ( k , +  1 ,  k2, SI + 1 ,  S2) 

S2+ I ) +  k2f(kl+ 1 ,  k2- 1 9  

(6) 

-f( kl 3 k2 + 1 9 SI 9 s2 + 1 ) + ( k1- k2)f( k ,  3 k2, SI , S,) 1 
by using (3) and (4). It follows that the indices s,, s2 and the sum k ,  + k2 do not 
decrease under the action of p from equation (6) and the space V ( N ,  a , ,  a 2 )  

(7 )  { f ( k , ,  k2, SI + f f l ,  s2+ a 2 h +  k.23 N E  NI  
for the fixed N, a , ,  a2 E N, is an SO(3) invariant subspace of fi. On the quotient space 
f i W ( I 2 )  

{ F ( k , ,  k2) =f(h , k2,0,0) mod 4 l 2 J  (8) 

corresponding to the left ideal L(,,) generated by the elements b, - A l  and bl-A2 
( A , ,  A2 E the complex field e) ,  there is an induced representation 

p(J+)F(ki,  k2) =A2F(ki+ 1 ,  k2)+k2F(ki+ 1, k2-1) 

p ( J - ) F (  k1 , k2) = AI F( k ,  , k2 + 1) + k l F ( k , -  1 ;  k2 + 1) 

P ( J d F ( k l ,  k2) = f [ A , F ( k , +  1,  k2) -A2F(k1, k2+ 

(9) 

- k 2 ) F ( k , ,  k2)I. 

In order to study the properties of this representation, we draw the lattice diagram 
of representation in figure 1 .  Figures 1(  a )  and ( b )  correspond to the cases with A , ,  
A2 f 0 and A, = A2 = 0,  respectively, in which each point (k l ,  k2)  of the lattice denotes 
a basis vector F ( k l ,  k2)  and each arrow the action of the representation p. 

( a )  The case with A , ,  Az # 0. In figure l (a ) ,  any point ( k , ,  k 2 )  of the lattice can arrive 
at all the points (kl  , k:)  of the lattice for which kl + k:  3 kl + k2 under the action of p 
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Figurel. ( a )  . 4 , , A 2 Z 0 ;  ( 6 )  . 2 , = A 2 = 0  

that forms an invariant subspace V,,,: { F (  k! , k;)lk’, + k; 3 N }  for the fixed N = k, + k, 
of fi/L(,,). Since there does not exist an invariant complementary subspace for any 
invariant subspace of V(N), the representation on the space a/ L(,,, is indecomposable. 
It is easily seen that there is an invariant subspace chain 

f i i l L ( 1 2 )  = v(0) v(l) v(12) . . . V ( N )  V(N+I)  . . (10) 

{g(k, ,  k2) = F ( k , ,  k2) mod V(N+ k)lN s k, + k 2 s  N +  k - l} (11) 

dim V( , , ,=dim V,,)/V(N+k)-dim V, , , /V(N)=f (2N+k+l )k .  (12) 

in which each quotient space V( N,  k) = V (  N ) /  V (  N + k): 

has the finite dimension 

Therefore, the representation defined by (9) induces a finite-dimensional representation 
with any dimension 4(2N + k +  1)k and the extrema1 vector g (  N +  k - 1,O) and 
g(0, N + k - 1) satisfying the relations 

(13) p(J+)g (  N + k - 1 , O )  = 0 p(J-)g(O, N + k - l ) = O  

on the space V ( N ,  k). 
Defining an order for these states g(k, ,  k2) 

d k l ,  k2)>g(k’, ,  

k,+ k,> k‘, + k; 

The first non-zero number of the pair 

if k, + k2 # k‘, + ki I (k, - k’, , k2 - ki) is positive if k, + k2 = ki + k; 

we obtain regularly the matrices of the representations on the spaces V( N, k ) .  Accord- 
ing to (9) ,  we give two examples as follows. 
(i)  The three-dimensional representation on the space V,,,,, is 
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p ( J + ) =  

- - - 
0 1 0 1 1 2 0  0 0 0 0 0  
0 0 2 O A 2  2 0 O A I O  
0 0 0 0 0 p ( J - ) =  0 1 0 0 A l  
0 0 0 0 1  0 0 0 0 0  
0 0 0 0 0  0 0 0 1 0  - - 

p(J3)=  

( b )  The case with A, = A2 = 0. In figure 1( b ) ,  under the action of p, the points of the 
lattice in any straight line A‘B’ parallel to the straight line AB only move along A’B‘ 
and these points form an invariant subspace VfN1:  { F (  k, , k2)lk, + k = N }  with the 
extrema1 vectors F ( N ,  0) and F ( 0 ,  N )  denoted by two ends A and B of the straight 
line A‘B’. Due to the following decomposition: 

L 

1 0 0  
0 0 0 -  
0 0 -1 
0 0 0  

- 0 0 0  

the representation defined by (9) is completely reducible. On the space V“’, this 
representation subduces an ( N  + 1)-dimensional irreducible representation 

If we choose for the space ViZj, a coupling basis 
F (  j + m, j - m ) 

‘’9 m )  = [ ( j  - m ) !  ( j +  m)!]’/’ 

the representation defined by (9) is rewritten as 
p(J+)/ j ,  m )  = A 2 ( j + m  + l)1’2/j+&, m + f ) + [ ( j -  m ) ( j +  m + l)]1’21j, m +  1) 

(17) 
p(J,)I j, m )  = f ( A l (  j + m + 1)1’21 j ++, m + i) - A 2 ( j  - m + 1)’121 j + f , m - 4)) + ml j, m ) .  
In particular, when A l  = A, = 0, we obtain the standard angular momentum representa- 
tion [4] of SO(3): 

p(J-)lj, m )  = A l ( j  - m + l )1’2/ j++,  m -f)+ [ ( j +  m ) ( j -  m + l)]1’21j, m - 1) 

dJdlj, m )  = mlj, m ) .  
There is a need for us to point out that the representations (17) and (18) are not 

essentially different from (9) and (15). In fact, the representation (18) is just the 
standard orthogonal form of (15) familiar in angular momentum theory and that, in 
the same way, (17) could be said to be a standard form of (9) that describes the 
transformations between the quantum states l j + f ,  m )  and the quantum states lj, m‘) .  
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